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Abstract.
We extend the concepts of echo dynamics and fidelity decay to relativistic quantum
mechanics, specifically in the context of Klein-Gordon and Dirac equations under
external electromagnetic fields. In both cases we define similar expressions for the
fidelity amplitude under perturbations of these fields, and a covariant version of the
echo operator. Transformation properties under the Lorentz group are established. An
alternate expression for fidelity is given in the Dirac case in terms of a 4-current. As an
application we study a beam of Landau electrons perturbed by field inhomogeneities.
PACS numbers: 03.65.Pm, 03.67.-a
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Echo dynamics and fidelity decay have received considerable attention in recent
years [1]. Their importance is underlined by the fact that fidelity is a standard
benchmark in quantum information [2]. The relevance of these concepts is centered on
non-relativistic quantum mechanics. It is rather surprising, that relativistic problems
including quantum field theoretical ones have not been considered in this context.
In this letter we shall formulate echo dynamics and fidelity decay concentrating
on the Dirac and Klein-Gordon equations, as the simplest cases. Field theoretical
considerations or more complicated equations for particles with higher spins will be
left for future work, though we hope that the concepts developed will readily generalize.
On the other hand the inclusion of external fields is essential, as these will be the
source of any reasonable perturbation. These fields will be assumed to result from
a Lorentz covariant theory and couple minimally to the particle, although this last
requirement can be relaxed in view of the intrest in systems such as the Dirac oscillator
[3]. We shall limit our considerations both for simplicity, and because of the predominant
practical importance to electromagnetic fields with their Abelian gauge structure. Let
us stress that even if Dirac theory is thought to contain many particles already in first
quantization, here we deal with the Dirac equation of one particle in the sense that
just one set of space-time coordinates appears and we have to worry about evolution in
one time only. In the light of past work [1], time scales of fidelity decay are of utmost
importance when interpreting results. Here we would like to point out that relativity
introduces a new time scale in terms of the speed of light, whose physical meaning is
strongly related to the intensities of perturbations. This scale is given by h¯/mc2,m being
the rest mass. Assuming that λ actually characterises the strength of the perturbation
in energy units, we can compare to the standard timescale of fidelity decay h¯/λ.
It is known [4] that relativistic effects appear when λ > mc2, but also when the
elapsed time t is long enough for the relativistic propagator to be significantly different
from a delta function and therefore from its non relativistic counterpart. This means
that for t > h¯/mc2 > h¯/λ, quasi relativistic expansions are not useful, motivating thus a
full relativistic treatment. Let us mention that our approach also includes the so called
echo kernel, which generalizes the concept of the echo operator [1]. Its importance
rests in the fact that it allows a perturbative treatment for arbitrarily long times, if the
perturbation is weak enough, while the evolution operator does not.
We shall first discuss the problem for the Klein-Gordon equation and then proceed
to the Dirac case. For the latter we can give an interesting alternate, though equivalent,
formulation in terms of currents, which will be then used to discuss the perturbation of
a Landau electron by field inhomogeneities. We close with some comments on possible
generalizations. Let us consider two physical systems described by the Klein-Gordon
equation with interaction. The systems will be considered to be minimally coupled
to Lorentz covariant 4-vector potentials. One of the systems will be subject to a
peturbation giving rise to a modified evolution of the wave function. We wish to give
an expression for the corresponding fidelity. For simplicity we use units h¯ = c = e = 1
where e is the charge of the electron and c the speed of light. All space integrations will
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be taken over R3 unless indicated otherwise. The wave equation which describes the
perturbed system contains the unperturbed one as a special case. It is given by
OˆKG(ǫ)φ(ǫ) ≡
[
Dµ(ǫ)D
µ(ǫ) +m2
]
φ(ǫ) = 0 (1)
where
Dµ(ǫ) = ∂µ + iBµ + iǫAµ, Dµ = Dµ(0) (2)
are the covariant derivatives with a “background” field Bµ and a perturbation Aµ
modulated by ǫ. By means of the appropriate definition of the inner product in Klein-
Gordon theory [5], namely
〈φ1, t|φ2, t〉 = i
∫
d3x [φ∗
1
(x, t)∂0φ2(x, t)− (1↔ 2)∗] , (3)
we can write the fidelity amplitude for a given initial condition φ(x). In fact, defining
t as the 0 component of both (final) events xµ and x
′
µ, the fidelity amplitude f after a
time t is given by
f(t) ≡ 〈φ(ǫ), t|φ, t〉 =
∫
d3x′
∫
d3xφ∗(x)φ(x′)M(xµ, x
′
µ), (4)
where an echo kernel M has been defined in terms of the Lorentz invariant propagator
[6, 7] (or Feynman propagator) of equation (1). This propagator satisfies the equation
OˆKG(ǫ)∆ǫ(xµ, x
′
µ) = iδ
4(xµ − x′µ), ∆ = ∆ǫ=0 (5)
and the echo kernel is found to be
M(xµ, x
′
µ) =
∫
d3x′′
[
∆∗ǫ (x
′′
µ, xµ)
∂
∂t
∆(x′′µ, x
′
µ)−∆(x′′µ, x′µ)
∂
∂t
∆∗ǫ (x
′′
µ, xµ)
]
.(6)
At this point a word must be said about the existence of an echo operator related
to kernel (6). Despite the presence of M in (4), the lack of a standard hamiltonian
formulation of the Klein-Gordon equation [8, 5] (i.e. , one with a hermitian Hamilton
operator) forbids us to relate (6) in a direct way to a unitary evolution operator as in
Schroedinger theory.
The Lorentz transformations for the Klein-Gordon fidelity amplitude and echo
kernel are most simply derived by recalling the Lorentz invariance of the Feynman
propagator ∆ǫ and the transformation properties of the volume element. With this,
through (4), it is easily shown that the effect of a boost in an arbitrary direction with
associated Lorentz factor γ results in
f(t) = f(γt′), γ = 1/
√
1− v2 (7)
where v is the boost velocity and t′ is the observed time in the boosted frame. Thus
the form of the amplitude is unchanged, while transformation acts exclusively on its
argument as a time difference.
Next we discuss the fidelity amplitude and echo operator for the Dirac equation.
Consider a system with background field and perturbation as above. It is now described
by the equation
Dˆ(ǫ)ψ(ǫ) ≡ [−iγµDµ(ǫ) +m]ψ(ǫ) = 0 (8)
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where Dµ(ǫ) is given by (2) and γ
µ are Dirac matrices [9]. Since this theory allows
a dynamical description in terms of a Hamiltonian, the concepts of fidelity and echo
operator need little or no modification from the usual ones. The fidelity amplitude is
thus given by
〈ψ(ǫ), t|ψ, t〉 = 〈ψ(ǫ)|U−1t (ǫ)Ut|ψ〉 = 〈ψ(ǫ)|Mt|ψ〉 (9)
where |ψ〉 = |ψ, 0〉 is our initial condition and U(ǫ) the unitary evolution operator.
When HD is set as the Dirac Hamiltonian associated to (8), U satisfies
HDU(ǫ) = −i ∂
∂t
U(ǫ), U = U(ǫ = 0). (10)
Since a Schroedinger-like equation can be reached from (8) by factoring γ0 from the Dirac
operator Dˆ(ǫ), we may prefer to handle evolution operators and propagators directly
related to the Lorentz invariant equation (8) rather than (10). Thus, defining
U ′ = Uγ0, M ′t = (U
′
t(ǫ))
−1U ′tγ
0 = γ0Mt (11)
we are led to the Lorentz invariant propagator
K ′ǫ(xµ, x
′
µ) = 〈x|U ′t(ǫ)|x′〉 (12)
and the echo kernel
M ′(xµ, x
′
µ) = 〈x|M ′t |x′〉, (13)
where t is the elapsed time (or time difference) between events xµ and x
′
µ. The fidelity
amplitude is written in terms of the Dirac inner product as
f(t) = 〈ψ(ǫ), t|ψ, t〉 =
∫
d3xψ†ǫ (x, t)ψ(x, t). (14)
It has the correct Lorenz transformation property (7) under application of a boost with
the corresponding γ factor.
The Dirac equation allows another and more interesting approach to fidelity by
means of a 4-vector which resembles a Dirac current. Consider a bilinear form in the
wave functions given by
jµ(ǫ) = ψ¯(ǫ)γµψ, ψ¯ = γ
0ψ†. (15)
The fidelity amplitude is obtained by integrating the 0 component of (15)
f(t) =
∫
d3xj0(ǫ). (16)
This displays clearly, that for ǫ = 0, the fidelity amplitude becomes unity by conservation
of probabilty. In fact, when the perturbation is present, the bilinear form (15) obeys a
continuity-like equation
∂µjµ(ǫ) = iǫA
µjµ(ǫ) (17)
where the Abelian character of A has been used. Equation (17) indicates that
the conservation law is now corrected by a source given exclusively in terms of the
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perturbation applied to the system. Following this line of reasoning, (17) can be
integrated over the space variables of some inertial observer to yield
df(t)
dt
=
∫
S
ψ†(ǫ)ds ·αψ − iǫ
∫
V
d3xAµjµ(ǫ) (18)
with V the volume of integration and S its boundary surface. The appearence of
a boundary term can be related to fidelity loss when dealing with finite portions
of space-time or with special boundary conditions for which wave functions do not
vanish at infinity (e.g. unbound states). Its contribution is present independently of
ǫ. Considering an infinite volume of integration V and a vanishing boundary term
(bound states) we further simplify (18) using an expansion in ǫ to lowest order. In this
approximation fidelity amplitude and fidelity respectively obey the differential equations
df(t)
dt
= −iǫ
∫
d3xAµjµ = −iǫ〈γ0γµAµ〉I , f(0) = 1, (19)
dF (t)
dt
= −2ǫRe
[
if(t)〈γ0γµAµ〉I
]
, F (t) = |f(t)|2 (20)
where 〈·〉I is the average with respect to ψ in the interaction picture. These two simple
equations can be used to discuss some application.
We study Landau electrons perturbed by an inhomogeneous magnetic field. The
system is described by the Dirac equation (8) with a homogeneous background field
which, for some inertial observer, acquires the form B = H × r, B0 = 0. i.e. a
constant magnetic field of intensity H . Here r is the space part of xµ for such an
inertial observer. In this frame, when t = x0 = 0 we switch on an additional field
given by the perturbative static potential ǫA whose components are bounded such that
the perturbation of strength ǫ is meaningful at all space-time points. If the system is
stationary at t < 0, it will change to a non-stationary state at t > 0 and we would like
to know how fidelity evolves.
The system at negative times is well known to be integrable. Its energy eigenstates
are infinitely degenerate [10, 11]. A number of general results for fidelity amplitudes
in the case of perturbed integrable systems have been established [1]. Some interesting
features can be exploited here. The results for this setup will be valid not only for one
electron propagating freely in the direction parallel to the field, but also for a beam of
electrons under certain (physical) considerations. Although the treatment we have given
does not contemplate many Dirac particles in the fashion of an extended configuration
space [12, 13], we may consider the evolution to be described by a single time. The
electromagnetic interactions between the constituents of the particle beam will be
neglected, implying the absence of quantum field effects. This requires a wavelength
in the propagating direction greater than Compton’s as well as a low particle density in
the beam.
With these physical restrictions and taking advantage of the infinite degeneracy of
the unperturbed system, it is possible to accomodate an arbitray number of particles in
a stationary state without violating the Pauli principle. We find that (20) (or equivalent
expressions (12), (13) of [1]) yields a decay of fidelity dominated by a quadratic term
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in t and with negligible oscillatory terms as we shall see in detail. When computing
correlations in (12) and (13) from [1], the relevant term is given by∫ t
0
dt′
∫ t
0
dt′′〈i|V˜ (t′)V˜ (t′′)|j〉
= 4
∑
j
|〈i|γ0γµAµ|j〉|2 sin
2 [(Ei − Ej)t/2]
(Ej − Ei)2 (21)
where i and j indicate all quantum numbers including momentum, Ei, Ej being the
corresponding energies. All degenerate levels will contribute to the dominant term of
the sum in (21) even though 〈i|γ0γµAµ|i〉 = 0, which can be assumed without loss of
generality [14]. The correlation can be approximated by
C(H, k)t2 ≡

 ∑
j:Ej=Ei
| < i|γ0γµAµ|j > |2

 t2 (22)
where k is the z−momentum of the particle at t < 0. The H dependence enters through
the unperturbed wave functions. We shall denote by C(H) the coefficient in (22) when
k = 0. When dealing with a beam of particles we may replace
C(H, k) =
∑
n:En=Ei
wn

 ∑
j:Ej=Ei
|〈n|γ0γµAµ|j〉|2

 (23)
where wn are statistical weights for states in the beam with energy Ei. Result (23)
is not surprising from the point of view of integrability of the unperturbed system.
Nevertheless it is remarkable in a theory of many fermions due to the infinite degeneracy
of levels.
The result mentioned above can also be derived in the non-relativistic version of this
problem. Lorentz transformations enter the game if we recognize that the momentum of
the beam k is one of the control parameters (the others being H and ǫ) and that plane
waves of arbitrary momentum can be obtained by applying boosts in the direction of
propagation. From property (7), an increase of momentum k results in a Lorentz factor
1/
√
1− v(k)2, thus changing the rate of fidelity decay. These considerations lead finally
to a decay of fidelity amplitude and fidelity given by
f(t) ∼ 1− ǫ2C(H)
(
1− (v(k))2
)
t2/2, (24)
F (t) ∼ 1− ǫ2C(H)
(
1− (v(k))2
)
t2. (25)
The variable t denotes the elapsed time as measured in the frame indicated above and
the momentum dependent velocity is
v(k) =
k√
k2 +m2
. (26)
Restoring our physical constants, the Compton wavelength restriction can be put as
k < 2mc, v < 2c/
√
5,
√
1− (v(k)/c)2 > 1/
√
5 (27)
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resulting in a lower bound for the magnitude of the decay rate. The upper bound for
the momentum implies a maximum relativistic time delay. Allowing pair creation would
slow down considerably the decay of fidelity, as long as C(H) remains under control.
Summarizing, we have proposed a consistent formulation of echo dynamics and
fidelity decay for the simplest relativistic wave equations. The perturbative regime,
which has far reaching implications and applications in the non-relativistic case, yields
an interesting behavior. We apply our formulation to a beam of Landau electrons
propagating along a homogeneous magnetic field perturbed by bounded inhomogeneities.
Our treatment was limited to the discussion of a single particle with the
corresponing single time line. Yet for systems of many particles, generalizations of
the Dirac equation have been proposed; these involve in principle many times but a
possibility for a single time evolution has been devised [12, 15]. Ultimately, composite
relativistic systems can be treated along the lines we proposed here, since the Lorentz
structure of evolution equations is not altered by extending configuration space (multiple
space-time coordinates, one set for each particle) We also restricted our considerations
to special relativity, but many of the results presented in this work can be generalized to
curved spaces or “background” metrics by merely introducing covariant derivatives with
the appropriate connections [16] and the corresponding transformation of spinors for the
Dirac case [17]. Considering these facts our proposition for a relativistic formulation of
fidelity and echo dynamics seems adequate or at least readily adaptable to the treatment
of more general situations then the one we actually discuss. The issue of accelerated
observers will be the subject of future work.
Acknowledgments
We are greatful to M. Moshinsky for a life of discussions and we aknowledge support
under the Grants PAPIIT IN112507 and CONACyT 57334.
References
[1] T Gorin et al. Physics Reports 435 (2006) 33-156.
[2] Nielsen M and Chuang I 2001 Quantum Computation and Quantum Information (Cambridge
University Press, Cambridge)
[3] Moshinsky M and Szczepaniak A 1989 J Phys A: Math Gen 22 L817.
[4] Bjorken J D and Drell S D 1964 Relativistic Quantum Mechanics (McGraw-Hill Book Company)
46-51; Foldy L L and Wouthuysen S S 1950 Phys Rev 78 29 (1950).
[5] DeWitt B S 1967 Phys Rev 160 1113.
[6] Kaku M 1993 Quantum Field Theory: A Modern Introduction (Oxford University Press) Chap. 3
[7] Ryder L 1985 Quantum Field Theory (Cambridge University Press, Second Edition) Chap. 2.
[8] Mostafazadeh A 2003 Class Quantum Grav 20 155-171.
[9] Dirac P A M 1947 The Principles of Quantum Mechanics (Oxford at the Clarendon Press, Third
Edition).
[10] Landau L 1930 Zeit. f. Physik 64 629.
[11] Johnson M H and Lippmann B A 1949 Phys Rev 76 6; Boon M and Seligman T H 1973 J Math
Phys 14 9 1224-1227.
Relativistic echo dynamics and the stability of a beam of Landau electrons 8
[12] Moshinsky M and Sadurn´ı E 2005 Proc. 25th Int. Coll. Group Theoretical Methods in Physics,
Me´xico (IOP Publishing, Bristol) p 403.
[13] Moshinsky M and Nikitin A 2005 Rev Mex Fis 50 2 66-73. Eprint arXiv:hep-ph/0502028.
[14] The fidelity amplitude acquires a phase factor when substracting the expectation value of the
perturbation. Fidelity remains unchanged.
[15] Droz-Vincent Ph 1975 ROMP 8 79; Leutwiller H and Stern J Ann Phys 112 94; Bel L 1983 Phys
Rev D 28 1308; Sazdjian H 1986 Phys Rev D33 3401; 1986 Phys Lett B208 470.
[16] Wald R M 1984 General Relativity (University of Chicago Press). Chapters 3 and 13.
[17] Hurley D J and Vandyck M A 2000 Geometry, Spinors and Applications (Springer-Verlag- Praxis,
London); Hestenes D 1967 J Math Phys 8, p 798-808.
